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YVES FELIX THEOREM 1.
-Let {L(V),d) be a graded connected differential Lie algebra and a be an element in An. Ifn is even and a is in the center, then
(1) the element a is nice, (2) There is a split short exact sequence of graded Lie algebras:
-^ L(W) -^ B -> A/(a) -^ 0,

with W a graded vector space isomorphic to s n^l A/(a)^.
In the case n is odd, the Whitehead bracket [a, a] is zero since a is in the center, and thus the triple Whitehead bracket < a, a, a > is well defined. We first remark that < a, a, a > belongs also to the center. More generally PROPOSITION 1. -The Whitehead triple bracket < a,/3,7 > of three elements in the center belongs also to the center. 
THEOREM 2. -Let (L(V),d) be a graded connected differential Lie algebra and a be an element in An. Ifn is odd, a belongs to the center and < a, a, a >= 0, then (1) the element a is nice, (2) B contains an ideal isomorphic to L,{W) with W = s n~{~l A/(a)-^, (3) the Lie algebra B admits a nitration such that the graded associated Lie algebra G is an extension
-^ L(W) n K -^ G -^
THEOREM 3. -Let (L(V),d) be a graded connected differential Lie algebra and a be an element in An.Ifn is odd, a belongs to the center and < a, a, a >^ 0, then
(1) the image of (pa 1^ A/(a, < a, a, a >), From those results on differential graded Lie algebras we deduce corresponding results for the rational homotopy Lie algebras of spaces.
Let X denote a finite type simply connected CW complex and Y the space obtained by attaching a cell to X along an element u in 71-^+1 (X). Now some notations : we denote by E the isomorphism 7Tn(^X) -> 7Tn+i(X) and we put a = S"^). For sake of simplicity, an element in 7r*(f2X) (g) Q and its image in ^(^X;Q) will be denoted by the same letter.
Recall that the Quillen minimal model of the space X ( [5] , [9] , [1] ) is a differential graded Lie algebra (L(V),d), unique up to isomorphism, and equiped with natural isomorphisms The attachment is called inert if g o f is surjective (this is equivalent to the surjectivity of g), and is called nice if g is injective ( [7] ). Clearly the attachment is nice if the element a is a nice element in Lx.
The structure of the Lie algebra Lx = TT^(^X) 0 Q, for X a space with finite Lusternik-Schnirelmann, has been at the origin of a lot of recent works (cf. [3] , [2] , [4] ). In particular the radical of Lx (union of all solvable ideals) is finite dimensional and each ideal of the form 7i x • • • Jy. satisfies r ^ LS cat X.
We deduce from Theorems 1, 2 and 3 above the following results concerning attachment of a cell along an element in the center. 
(2) LY contains an ideal isomorphic to L,(W) with
W=s^\H^X^)/{a))(
3) the Lie algebra LY admits a filtration such that the graded associated Lie algebra G is an extension
0 -> L(W) U K -. G -> Lx/{a) -> 0, with K = L(a^)/([a,/3], [a, a}), \a\ = 2n + 1, \{3\ = 3n + 2.
(3) the Lie algebra LY admits a filtration such that the graded associated Lie algebra G is an extension
0 ^ L(TV) n (7,p) -^ G -^ Lx/(a, < a,a,a >) ^ 0,
COROLLARY 2'. -If dim Lx is at least 3 and if a is in the center, then LY contains a free Lie algebra on at least 2 generators.
Example 3. -Let X be either S' 2714 -1 x K(^2n) or else P^C), then the attachment of a cell of dimension 2n + 2 along a nonzero element generates only one new rational homotopy class of degree 2n-h3. The space Y has in fact the rational homotopy type either of S 2^3 x K(li, 2n) or else of P^^C). These are rationally the only situations where Lx has dimension two and the attachment does not generate a free Lie algebra. In all cases, Ly contains a free Lie algebra L(TV) with W isomorphic to {H^X) (g) Q/(a, < a, a, a >))+. The elements of W have the following topological description.
Let /? be an element of degree r-1 in Lx/(a, < a, a, a >) and b = "L/3. The Whitehead bracket Corollary 1 means that the center of Lx is a nice ideal. We conjecture:
CONJECTURE. -Let X be a simply connected finite type CW complex with finite Lusternik-Schnirelmann category, then the radical of Lx is a nice ideal.
We now prove this conjecture in a very particular case. 
The ideal J generated by x is the free Lie algebra on the elements [x,(3i\, with {/3i} a graded basis of UA and where by definition, we have 
This shows that H(J^d) is isomorphic to the free graded Lie algebra L(W) where W is the vector space formed by the elements [x,/3i] with
Ae(^A/(a))+. 
(W) -^ H(A]]^L(x)) -^ A/(a) -^ 0.
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This implies that the term E 2 is generated in degrees 0 and 1. The spectral sequence degenerates thus at the E 2 level : E 2 = E°°.
Denote now by u^ a class in ^f(L(y©Q.z'), d) whose representative in E^ is [x, /3i\. The Lie algebra generated by the u^ admits a filtration such that the graded associated Lie algebra is free. This Lie algebra is therefore free, and its quotient is A/(a). This proves the theorem. D
Proof of Proposition 1.
The elements a, f3 and 7 are represented by cycles x, y and z in (L(V),d). Since the elements a, (3 and 7 are in the center, there exist elements a, b and c in L(V) such that
The triple Whitehead product is then represented by the element
We will show that the class of LJ is central, i.e. for every cycle t the bracket [a;, t} is a boundary. First of all, since a, f3 and 7 are in the center there exists elements .z*i, yi and z\ such that
We now easily check that the three following elements ai, 02 and 03 are cycles:
We deduce elements /?i, /?2 and /?3 satisfying
Now we verify that [c^, ^] is the boundary of
4-(_i)M+M+|at|+ir^ ^ _^ (_ni+l^l+l^|+|^|4 -(_i)i+l^l+l^l+l^l^ 4-(_i)i+|ta;|+|^|+|^|^^ Q
Proof of Theorems 2 and 3.
We filter the Lie algebra (L(V C Q^),c0 by putting V in gradation 0 and x in gradation 1. We obtain a spectral sequence E 7 , ^. We will first compute the term (£'^,d 1 ) and its homology E 2 . We will see that E 2 is generated only in filtration degrees 0, 1 and 2. The differential d 2 is thus defined by its value on Ej ^. Under the hypothesis of Theorem 2, we show that d 2 = 0 and that the spectral sequence collapses at the E^-level. Under the hypothesis of Theorem 3, we show that the image of d 2 : Ej " -> Eĥ as dimension 1 and that a basis is given by the class of the Whitehead bracket (a, a, a). We will compute explicitely the term E^. This term is generated only in filtration degrees 0 and 1, so that the spectral sequence collapses at the E^-level in that case.
Description of (E 1^1 ).
The term {E 1^1 ) has the form
We denote by I the ideal generated by xÎ = L{[x, f3i\, with {f3i} a basis of UA), and by J the ideal of I generated by the [x, f3i} with /^ in ((7A)+.
J = L([x, [x,'" [x, A] • • •], with {ft} a basis of (UA)+ ).
For sake of simplicity we introduce the notation
In the above formulas =(j2) means equality modulo decomposable elements in the Lie algebra J.
Proof. {l)d^(f3)=d[x^]=[a^]=0.
( (
.., (/?yi_3(a)), for n ^ 3, with (^3 == 1 and for n ^ 4, a^ = 5 + (n+3)(n-4) 2
Proof. -We first check that [a, <^i(a)] = 0 and that
Now, using Jacobi identity we find that
Using once again Jacobi identity we find A ([^i(a)^i(a)],[[(^2(a)^2(a)]^i(a) 
])
Since M and TV have the same Poincare series they coincide. Therefore as a Lie algebra, M can be written
The equation
shows that the Lie algebra M decomposes into the free product of three differential graded Lie algebras, the first one being acyclic : Proof. -Denote by R the ideal generated by t. As a Lie algebra R is the free Lie algebra generated by t, w = [t, y] , the elements Un = acr^)^), for n ^ 1 and the elements Wn = ad 71^)^,^] , for n ^ 1.
Using the Jacobi identity, we get the following sequence of identities: 
End of the proof of Theorem 3.
From the short exact sequence of chain complexes
we deduce the isomorphism of graded vector spaces
Since E 3 is generated by elements in gradation 0 and 1, the spectral sequence degenerates at the term E 3 , E 3 = E^. This closes the proof of Theorem 3. D
Proof of Theorem 7.
We suppose that the ideal generated by a is composed of a and b = [a,c]. We choose an ordered basis {^}, i = 1,... of Lx with u^ = c, u^ = a and u^ = b. We consider the set of monomials of ULx of the form f3i = u^Ui^ ... u^ with in < i-n-i ^ -" ^ Z2 ^ h and ij ^ ij^ when the degree of uj is odd. This set of monomials forms a basis of ULx'
The ideal generated by x in Lx U M-^)
is ^en the free Lie algebra on the elements [x^ (3i\. For sake of simplicity, we denote x' = [x^ c].
In particular the ideal J generated by the elements [x,x] 
